In this paper we study the cohomology of the geometric realization of linking systems with twisted coefficients. More precisely, we compare it with the submodule of stable elements in the cohomology of the Sylow. We start with the particular case of constrained fusion systems. Then, we study the case of p-solvable actions on the coefficients. 55R40, 55N25, 55R35, 20J06, 20D20, 20J15
extensions of p-local finite groups or, more directly, can give more information about the link between the fusion system and |L| or |L| ∧ p . Recall that, if a space X has a universal covering space X , the cohomology of X with twisted coefficients in a Z[π 1 (X)]-module M is the cohomology of the chain complex
where S * ( X) is the usual singular chain complex of X .
Levi and Ragnarsson [LR] already give some tools along these lines. In an other paper [Mo1] , the author extends Theorem 0 to the case of nilpotent actions on the coefficients. The main ingredient is to construct, as in the trivial coefficient case, an idempotent of H * (S, M) with image H * (F c , M).
In this paper, we also want to extend Theorem 0 to twisted coefficients but when the action factor through a p-solvable group. The methods used here are completely different from the ones used in [Mo1] and also more direct. We first have a look at constrained fusion system. In that case we were able to prove that, with any coefficient module, the cohomology of |L| can be computed by stable elements.
Theorem 2.5 Let (S, F, L) be a p-local finite group. If F is constrained and M is a Z (p) [π 1 (|L|)]-module, then δ S induces a natural isomorphism,
Then we focus on p-solvable actions. The main ingredients here are p-local finite subgroups of index a power of p or prime to p and there homotopy properties. We start by looking at p-local subgroups of index prime to p. 
then the inclusion of BS in |L| induces an isomorphism
This Theorem allows us to prove that if the action on the coefficients factor through a p ′ -group or, even better, a p-nilpotent group, then the cohomology of |L| can be computed by stable elements.
It is much more complicated to work with p-local finite groups of index a power of p, especially on the level of stable elements. Indeed, for (S 0 , F 0 , L 0 ) a p-local subgroup of (S, F, L) of index a power of p and M a Z (p) [π 1 (|L|)]-module, it is difficult to compare H * (F c , M) and H * (F c 0 , M). The difficulty mostly come from the fact that we are working on different p-groups: S and S 0 . But when we work with a p-local finite group realizable by a finite group G, and if G acts "consistently" on the coefficients it is possible to get some positive results (see Section 4). All of these results lead us to the following conjecture. 
We finish this paper by an example for Conjecture 4.6 which does not follow from the the other results.
Organization. In Section 1 we give some background on p-local finite groups and stable elements. Section 2 is dedicated to the case of constrained fusion systems, Section 3 to corpime actions and Section 4 to psolvable actions for a realizable p-local finite group. Finally, we give in Section 5 an example for Conjecture 4.6.
Background
We give here a very short introduction to p-local finite groups. The notion of fusion system was first introduced by Puig for modular representation theory purpose. Later, Broto, Levi and Oliver developed the notion of linking systems and p-local finite groups to study p-completed classifying spaces of finite groups and spaces which have closed homotopy properties. We refer the reader interested in more details to Aschbacher, Kessar and Oliver [AKO] .
fusion systems and linking systems
A fusion system over a p-group S is a way to abstract the action of a finite group G with S ∈ Syl p (G) on the subgroups of S by conjugation. For G a finite group and g ∈ G, we will denote by c g the homomorphism x ∈ G → gxg −1 ∈ G and for H, K two subgroups of G, Hom G (H, K) will denote the set of all group homomorphism c g for g ∈ G such that c g (H) ≤ K . Definition 1.1 Let S be a finite p-group. A fusion system over S is a small category F , where Ob(F) is the set of all subgroups of S and which satisfies the following two properties for all P, Q ≤ S:
is the composite of an F -isomorphism followed by an inclusion.
A fusion system is saturated if it satisfy two more technical axioms called the saturation axioms (we refer the reader to [AKO] , Definition I.2.1 for a proper definition).
The composition in a fusion system is given by composition of homomorphisms. We usually write Hom F (P, Q) = Mor F (P, Q) to emphasize that the morphims in F are homomorphisms. For P, Q ≤ S, we say that P is F -conjugate to Q if there is an F -isomorphism between P and Q. We denote by P F the set of all subgroups of S which are F conjugate to P.
The typical example of saturated fusion system is the fusion system F S (G) of a finite group G over S ∈ Syl p (G).
For the purpose of that paper, we need to distinguish some collections of subgroups of S. Definition 1.2 Let F be a saturated fusion system over a finite p-group S.
(c) A subgroup P ≤ S is F -quasicentric if for each Q ≤ PC S (P) containing P, and each α ∈ Aut F (Q) such that α| P = Id, α has a p-power order.
We let F cr ⊆ F c ⊆ F q ⊆ F denote the full subcategories of F with objects the F -centric and F -radical subgroups, the F -centric subgroups and the F -quasicentric subgroups, respectively.
(c) F -quasicentric if and only if O p (C G (P)) has order prime to p.
The notion of linking system has been introduced by Broto, Levi and Oliver [BLO2] and generalized by Broto, Castellana, Grodal and Oliver in [5a1] . We refer the reader to theses papers, or [AKO] Part III, for a proper definition. We recall here some basic facts about linking systems which will be needed here.
For G a finite group, S ∈ Syl p (G) and H a collection of subgroups of S, the transporter category of G over S with set of objects H is the category T H H (G) with objects H and for
For F a saturated fusion system over a p-group S, a linking system associated to F is a certain finite category with objects a collection H of subgroups of S together with two functors:
δ is the identity on objects and injective on morphisms and π is injective on objects and surjective on morphisms. The collection H has to be stable by overgroups and F -conjugation and the following proposition tell you which collection you can have. 
is a quasicentric linking system. We also denote by L c S (G) the full subcategory of L q S (G) with objects the p-centric subgroups of S and it is a centric linking system.
We finish with some basic homotopy properties about linking systems which will be needed in this paper. We refer the reader interested in more details to [AKO] , Part III. For (S, F, L) a p-local finite group, we write |L| for the geometric realization of L and π L = π 1 (|L|) for its fundamental group. The following Theorem will allow us to change the set of objects of L without changing the homotopy type of |L|. Theorem 1.5 ([5a1] , Theorem 3.5) Let F be a saturated fusion system over a p-group S. Let L 0 ⊆ L be two linking systems associated to F with a different set of objects. Then the inclusion induces a homotopy equivalence of space |L 0 | ≃ |L|.
p-local finite subgroups of index a power of p or prime to
These particular p-local subgroups satisfy the following properties.
is of index prime to p, then P ≤ S is F 0 -centric if, and only if, P is F -centric.
These p-local subgroups have been introduced and studied by Broto, Castellana, Levi and Oliver [5a2] . They are in one-to-one correspondence with covering spaces of |L| with index a power of p or prime to p respectively. Here we just give what we need about p-local finite subgroups of index prime to p and we refer the reader to [5a2] for more details.
For an infinite group G, we denote by O p ′ (G) the intersection of all normal subgroups in G of finite index prime to p. For F a fusion system over a p-group S, let O p ′ (F) be the fusion system generated by O p ′ (Aut F (P)) for all P ≤ S and define
Proof The point (a) is proved in [5a2] , Lemma 3.4. For (b), the second isomorphism is given in [5a2] , Proposition 5.2, and the first one in [5a2] Theorem 5.5 and the comment which follows.
According to Proposition 1.7, when dealing with p-local subgroups of index prime to p, we will work with centric linking systems.
Thus, for a p-local finite group (S, F, L), with L a centric linking system, we can define the minimal p-local subgroup of index prime to p,
In Theorem 1.9.
Cohomology and stable elements
The first result about stable elements is due to Cartan and Eilenberg ([CE] Chap XII, Theorem 10.1). It also served as a guideline in the establishment of Theorem 0 by Broto, Levi and Oliver. Here we recall the definition of F c -stable elements in a context of twisted coefficients. We refer the reader to [Mo1] for more details.
where the last equality holds if L is a centric linking system.
Constrained fusion systems
Let (S, F, L) be a p-local finite group. Here, we assume that F is a constrained fusion system. Definition 2.1 Let F be a fusion system over a p-group S. A subgroup Q ≤ S is normal in F if (i) Q S, and
(ii) for all P, R ≤ S and every ϕ ∈ Hom F (P, R), ϕ extends to a morphism ϕ ∈ Hom F (PQ, RQ) such that ϕ(Q) = Q.
We write O p (F) for the maximal subgroup of S which is normal in F . We say that
An important and classical result about constrained fusion systems is the following.
This group G is called a model of F and it is unique in a precise way (see [AKO] , Theorem III.5.10). This model can also be recover from the homotopy type of the geometric realization of a linking system associated to F . 
} and let L H be the full subcategory of L with set of objects H. By Proposition 1.3, L H is a linking system associated to F and, by Theorem 1.5, |L H | ∼ = |L|.
It remains to prove that that |L H | ∼ = BG. For that purpose, consider, the following functor.
It gives us a retraction by deformation of |L H | on the geometric realization of the full subcategory of L with 
Thus, it remains to prove that lim ←−
For P ≤ S and g ∈ N G (P) we have, in T S (G), the following commutative diagram
where e is the trivial element of G. Hence, As the above part of the diagram is in T c S (G) and
H * (−, M) and this complete the proof.
Actions factoring through a p ′ -group
In this section, for p-local finite group (S, F, L) we will assume that L is a centric linking system. Lemma 3.1 Let (S, F, L) be a p-local finite group and (S,
Proof By Theorem 1.9, |O p ′ (L)| is, up to homotopy, a covering space of |L| with fundamental group
Consider then the Serre spectral sequence associated
is concentrated in the first column with terms
. Thus the spectral sequence collapse on the first page and the Lemma follows.
Lemma 3.2 Let (S, F, L) be a p-local finite group and (S, O p
Proof Notice first that, by Proposition 1.8, Ob(O p ′ (F) c ) = Ob(F c ). Hence, we are working with the same underlying set of objects. Thus, by definition,
On the other hand, by Proposition 1.8, we have F = O p ′ (F), Aut F (S) which gives the converse inclusion.
Theorem 3.3 Let (S, F, L) be a p-local finite group and (S, O p
′ (F), O p ′ (L)) its minimal p-local subgroup of index prime to p. If M is a Z (p) [π L ]-module
and if the inclusion δ S induces an isomorphism
H * (|O p ′ (L)|, M) ∼ = H * (O p ′ (F) c , M), then δ S induces an isomorphism H * (|L|, M) ∼ = H * (F c , M).
Proof We have the following commutative diagram (recall that
Moreover, by Proposition 1.8 and Theorem 1.9, the projection π :
Then, by the two previous Lemmas, we obtain
For the second isomorphism, we have to be careful on the action of π L on the left and Aut F (S) on the right. In fact here, by Definition 1.10 of F c -stable elements, we can see it on the chain level. The map
| , which gives on the chain level,
where E(S) is defined as the category with set of object S and for each (s,
in particular |E(S)| is a universal covering space of BS).
Then, for ϕ ∈ Aut S (F), if we choose a lift ϕ ∈ Aut L (S), ϕ acts on the left side by
and on the right side by, f
Finally, the action of ϕ on E(S) corresponds to the action of ω( ϕ) on |E(S)| (indeed, a lift of ω( ϕ) in |O p ′ (L)| joins every vertex s ∈ S of |E(S)| to the vertex ϕ(s)). Hence, the two actions coincide.
Corollary 3.4 Let (S, F, L) be a p-local finite group and M be a
Proof By Theorem 3.3, it is enough to prove that δ S induces an isomorphism
But, as the action on M factor through a p ′ -group, 
Realizable fusion systems and actions factoring through a p-solvable group
Consider here a finite group G, S a Sylow p-subgroup of G and let (S, F, L) be the associated
be the quasicentric linking system associated to G and T q = T q S (G) be the associated quasicentric transporter category. We also write π T = π 1 (|T |).
We have a functor ρ :
which sends each object in the source to the unique object o G in the target and sends, for every P,
we will consider that we have the following commutative diagram.
Then, we can compare the cohomology of |L| and the cohomology of G when the action factor through a p-solvable group. The main ingredients that we will use are p-local subgroups of index a power of p or prime to p.
The following lemma allows us to compare H * (|L|, M) and H * (|T |, M).
Lemma 4.1 Let G be a finite group and (S, F, L) be an associated p-local finite group.
Proof This is a consequence of [BLO1] , Lemma 1.3, with C = T , C ′ = L and the functor T : L op → Z (p) -Mod which sends each object on M , and each morphism on its action on M . Then δ induces a natural
Where the first and last equality is just an interpretation in terms of functor cohomology and can be found in [LR] , Proposition 3.9.
-module and assume that we have the following commutative diagram.
If ρ * is surjective and Γ = Im (ϕ) = Im (ϕ) is p-solvable, then δ and ρ induce natural isomorphisms
Proof By Lemma 4.1, we just have to show that ρ induces a natural isomorphism
We prove this by induction on the minimal number n of extensions by p-groups or p ′ -groups we need to obtained Γ.
If n = 0, Γ = 1 and the action of π T on M is trivial then it is just Theorem 0.
Assume that, if Γ is obtained by n extensions, the result is true and suppose that Γ is obtained with n + 1 extensions. Consider then the last one and, by [OV1] , Proposition 4.1, this inclusion of category induces, up to homotopy, a covering space with covering group G/H = Q. We then have the following commutative diagram with exact row (here, / / / / means onto)
and the following fibration sequences
Moreover, ρ induces a morphism of fibration sequences between these two.
If Q is a p-group. In that case, (T, F H , L H ) is a p-local finite subgroup of index a power of p (defined in 1.7). We have to be careful and work with all the quasicentric subgroups of S. However, this is not a problem
The vertical arrows induce isomorphisms in cohomology by Lemma 4.1 and the lower horizontal one induces an isomorphism in cohomology because, by Theorem 1.5 |L| ≃ |L q | . Hence the upper arrow induces an isomorphism
. Assume then that, for this part, T = T q and T H = T q H . By Proposition 1.7, Ob(F q H ) ⊂ Ob(F q ). Then, T H ⊂ T and, still with Proposition 4.1 in [OV1] , this inclusion induces a covering space with covering group G/H = Q. We then have the following diagram with exact row
The p-local structure of wreath products by C p : an example for Conjecture 4.6
Let G 0 be a finite group, S 0 a Sylow p-subgroup of G 0 and (S 0 , F 0 , L 0 ) be the associated p-local finite group. We are interested in the wreath product G = G 0 ≀ C p , S = S 0 ≀ C p and the associated p-local finite group (S, F, L). By [CL] , Theorem 5.2 and Remark 5.3, we have that
We first give a lemma on strongly p-embedded subgroups. For a finite group G, a subgroup H < G is strongly p-embedded, if p | |H| and for each x ∈ G \ H , H ∩ xHx −1 has order prime to p. It remains to show that, for each
as H is a strongly p-embedded subgroup of G, this last subgroup has order prime to p for every x ∈ G \ H . In particular, for each
has order prime to p and G 0 ∩ H is a strongly p-embedded subgroup of G 0 .
We give also a lemma on F 1 -essential subgroups for F 1 ⊆ F a subsystem of index a power of p. A proper subgroup P < S is F -essential if P is F -centric and fully normalized in F , and if Out F (P) contains a strongly p-embedded subgroup.
Lemma 5.2 Let (S, F, L) be a p-local finite group and (
Proof Let P ≤ S 1 be an F -essential subgroup.
P is F 1 -centric: As P is F -centric, C S (Q) = Z(Q) for all Q ∈ P F . In particular, for all Q ∈ P F 1 ⊆ P F , C S 1 (Q) = Z(Q) and P is F 1 -centric.
P is fully normalized in F 1 . By [AKO] Proposition I.2.6, it is enough to show that P is receptive and fully automized in F 1 . But, as P is F 1 -centric, it is fully centralized in F 1 and so it is receptive by [AKO] Proposition I.2.5. It remains to show that P is fully automized in F 1
As P is fully normalized in F (P is F -essential), by [AKO] Proposition I.2.5, P is fully automized in F . Hence Aut S (P) is a Sylow p-subgroup of Aut F (P) and then Aut S 1 (P) = Aut S (P) ∩ Aut F 1 (P) is a Sylow p-subgroup of Aut F 1 (P).
Out F 1 (P) contains a strongly p-embedded subgroup : As P is F -essential, Out F (P) contains a strongly pembedded subgroup. As F 1 is a subsystem of F of index a power of p, Out F 1 (P) is a subgroup of Out F (P) of index a power of p. Moreover, as P is a proper subgroup of S 1 , P < N S 1 (P) and, as P is F 1 -centric, every element of N S 1 (P) induces a non trivial element in Out F 1 (P). Hence p | |Out F 1 (P)| and, by Lemma 5.1, Out F 1 (P) contains a strongly p-embedded subgroup.
We can easily describe the essential subgroups of a product of fusion systems.
Lemma 5.3 Let (S 1 , F 1 , L 1 ) and (S 2 , F 2 , L 2 ) be p-local finite groups and set S = S 1 ×S 2 and F = F 1 ×F 2 . The F -essential subgroups of S are of the form Q 1 ×S 2 with Q 1 < S 1 F 1 -essential or S 1 ×Q 2 with Q 2 > S 2 F 2 -essential.
Proof Let P ≤ S be a F -essential subgroup. By [AKO] , Proposition I.3.3, P is F -centric and F -radical. Thus, By [AOV] , Lemma 3.1, P = P 1 × P 2 with P i ≤ S i .
Remark also that, if we have two groups G 1 and G 2 such that p divide |G 1 | and
and it is not difficult to see that H contains G 1 × {0} and {0} × G 2 which implies that H = G. We also have that Out F (P) = Out F 1 (P 1 ) × Out F 2 (P 2 ). Hence, the only possibility for P to be F -essential is that P 1 = S and P 2 is F 2 -essential or the contrary.
The radical subgroups of a wreath product have been listed explicitly by Alperin and Fong in [AF] . They also compute their normalizers, centralizers and outer-automorphisms and we invite the reader to find the details there.
Let G 0 be a finite group, S 0 a Sylow p-subgroup of G 0 and (S 0 , F 0 , L 0 ) be the associated p-local finite group. We consider the wreath product G = G 0 ≀ C p , S = S 0 ≀ C p and the associated p-local finite group (S, F, L). Here, for the direct computation, we will take the notation of Alperin and Fong [AF] : an element of G will be represented by permutation matrix corresponding to the powers of (1, 2, . . . , p) with entries in G 0 and the composition will follow the matrix product with the composition in G 0 . Denote by c ∈ G the element
where e is the trivial element of G 0 . Here, we are interested in the F -essential subgroups.
Lemma 5.4 Let P ≤ S be an F -essential subgroup.
(E 2 ) If P S p 0 , then P ∼ = F Q ≀ C p where Q is F 0 -essential and N G (P)/P ∼ = N G 0 (Q)/Q through the diagonal map G 0 ֒→ G p 0 .
Proof Let P ≤ S be an F -essential subgroup. 
(M) and, for i ∈ {1, 2}, denote by H * (F Ei , N) the stable elements of H * (S, N) under the full subcategory of F with objects S and all the subgroups of S of type (E i ) defined in Lemma 5.4.
By Shapiro (see for example [Ev] , Proposition 4.1.3), for every P = Q ≀ C p of type (E 1 ), we have a natural isomorphism H * (Q ≀ C p , N) ∼ = H * (Q, M) and, by the computation of normalizers in Lemma 5.4,
Hence, applying this to all the subgroups of type (E 1 ) and, by naturality of the Shapiro isomorphisms, we have that,
On the topological side, as |L 0 | is a covering space of |L p 0 | which is also a covering space of |L| (by [CL] , Theorem 5.2 and Remark 5.3), |L 0 | is a covering space of |L|. Then, if we denote by X the universal covering space of |L| (which is also the universal covering space of |L 0 |), we have the following isomorphism on the chain level (because Res and coInd are adjoint functors)
which is analogue to the Shapiro isomorphism (see [Ev] Thus by hypothesis, δ S induces an isomorphism
Secondly, by factoring the Shapiro isomorphism (see [Ev] , Proposition 4. By assumption, δ S
